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Abstract. Let S he a closed (compact without boundary) oriented sur- 
face with genus g, and G be a group isomorphic to Z^, where p is a prime 
integer. An action of G on 5 is a pair {S, /), where / is a representation of 
G in the group of orientation preserving autohomeomorphisms of 5*. Two ac- 
tions {S, /) and {S', /') are called strongly (resp. weakly) equivalent if there 
is a homeomorphism, ip : S —>■ S' , sending the orientation of 5* to the orienta- 
tion of S', such that f'{h) = ip o f{h) oip , (resp. there is an automorphism 

a G Aut{G) such that /' o a{h) =%[) o f{h) o ^ ) for all h e G.We give the 
full description of strong and weak equivalence classes. The main idea of our 
work is the fact that a fixed point free action of on a surface provides a 
bilinear antisymmetric form on Z^. For instance, we prove that the weakly 
equivalence classes of actions of G on surfaces with orbit space of genus g are 
in one to one correspondence with the set of pairs which consist in a positive 
integer number k, k < m — n, k = {m — n) mod 2, g > ^{m — n + k) , and an 
orbit of the action of Aut{G) on the set of unordered r-tuples [Ci, ...,Cr] of 
non-trivial elements generating a subgroup isomorphic to Z^ and such that 
J2i Ci = 0. We use this result in describing the moduli space of complex 
algebraic curves admitting a group of automorphisms isomorphic to Z™. 

This research is partially supported by RFBR grant N98-01-00612 NWO 047.008.005 
and DGICYT 
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1 Introduction 



The abelian group actions on surfaces constitute a classical subject and it 
is studied in the papers [N], [E], [Jl], [J2], [Nal], [S], [Z]. In [E], [Jl], [J2], 
[Z], it is established a connection between the topological equivalence classes 
of actions and the second homology of the group that is acting. But some 
attempts to use these results for the classification of abelian actions give 
wrong results in some cases (compare Remark 4.5 of [E] with Corollary 12 
in our Section 4). The full classification has been found in the cychc case 
by J. Nielsen in [N] and for in [Nal]. In this paper we present a direct 
way to deal with the topological classification of actions, where p is a 
prime integer and we obtain a complete answer (Z™ = Zp© .™. © Zp and 
Zp = Z/pZ). The main idea of our work is the fact that a fixed point free 
action of Z™ provides a bilinear antisymmetric form on Z^. 

Let Shea closed (compact without boundary) oriented surface with genus 
g — g{S), and G be a group isomorphic to Z^, where p is a prime integer. 
An action of G on 5" is a pair (-5,/), where / is a representation of G in 
the group of orientation preserving autohomeomorphisms of S. Two actions 
{S, f) and {S', /') are called strongly equivalent if there is a homeomorphism, 
ip : S —* S'. sending the orientation of S to the orientation of S', such 
that f'{h) = ip o fill) o ip , for all h & G. Wc give the full description 
of strong equivalence classes, in particular, in the case of fixed point free 
actions, the set of such equivalence classes of actions on surfaces of a given 
genus appears to be in bijection with the set of bilinear antisymmetric forms 
(., .) : G* X G* ^ Zp, where G* is the group of forms of G on Zp (Theorems 
8 and 9). The case of actions having elements with fixed points is considered 
in Theorems 13 and 14. 

A motivation for our study is the description of the set of connected 
components in the moduli space M^'"^ of pairs (C, G), where C is a complex 
algebraic curve and G = Z™ is a group of automorphisms of G. According 
to [Na2] the description of connected components of M^'™ is reduced to 
the description of topological classes of pairs {S, K) where i^T is a group of 
autohomeomorphisms of S and K is isomorphic to Z^. We consider that 
(5", K) and (5", K') are equivalent if there exist a homeomorphism ip : S ^ 
S' such that K' — (p o K o ip~^. These equivalence classes are in one to 
one correspondence with classes of weak equivalence (in the terminology of 
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Edmonds [E]). Two actions {S, f) and {S', /') of a group G = are weakly 
equivalent if there is a homeomorphism : S' — > 5" and an automorphism 
a E Aut{G) such that /' o a{h) = ip o f{h) o tp for all h E G. We prove 
that the weakly equivalence classes of actions of G on surfaces with orbit 
space of genus g are in one to one correspondence with the set of pairs 
{k, Aut{G)[Gi, Gr]), such that k < m — n, k — {m — n) mod2, g > |(m — 
n + k), r > n and [Ci, C^] is an unordered r-tuple of non-trivial elements 
generating H = such that Yli Ci = (Theorem 16). 

Acknowledgment. The final part of this paper was written during the 
authors stay at Max-Planck- Institut fiir Mathematik in Bonn. We would like 
to thank this institution for its support and hospitality. The second author 
would like to thank UNED, where this joint work started, for its hospitality. 

2 Algebraic preliminaries. 

Let us consider the standard lattice Z^^ = Z© ?P. © Z with the standard 
basis (cj) = ((0, 1''*-', ...0)). Wc define the bilinear antisymmetric form 
(.,.): Z^s X Z^s ^ z, by (e^, e,) = 6^+^,29+1 for i < j. 

We consider also the group Z^^ = Zp© ?P. © Zp where p is a prime and 
Zp — {0, 1, 2, — 1}. Let (p : 7?^ T?^ be the natural projection defined 

by ^piei) — el, where el — (0, 1 , ...0). Then we have a bilinear antisym- 
metric form (., .)p : Z^^ x Z^^ — > Zp defined by {el,e]) — {(p{ei),ip{ej))p — 
(cj, Cj) mod p. 

Let SL{2g, Z) and SLp{2g, Zp) be the subgroups of the automorphisms 
groups of Z^^ and Z^^ that preserve the bilinear forms (., .) and re- 
spectively. The natural projection cp : Z^^ — > Z^^ induces a homomor- 
phism (f^ : SL{2g,Z) — > SLp{2g,Zp) such that </?*(/) o = o / for all 
feSL{2g,Z). 

The following result is elementary: 

Theorem 1 ip^{SL{2g, Z)) = SLp{2g, Zp). 

Proof. (Sketch). Wc say that an element of Z^^ is primitive if e 7^ n/ 
for all n E Z and / G Z^^. For every ap G Z^^ there is a primitive a G Z^^ 
such that (p{a) = ap. 

The proof makes use of the two following claims: 
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1. Assume that (01,02) is a subgroup of Z^^, such that (01,02) = and 
the bihnear form restricted to (oi, 02) is not trivial. Then there are primitive 
elements 01,02 G T?^ such that (01,02) = 1 and (/9(oi), (/9(o2) G (01,02). 

2. Let o, 6 G Z^, 93(0) 7^ 0, 99(6) 7^ and (o, 6) = mp with m G Z. Then 
(^(o)) = (9.(6)) . 

Using induction and the claims 1 and 2 it is easy to prove: 
Let G be a subgroup of Z^^. Then there is A = ((oj, (i = 1, ...,r),bj, {j = 
l,...,k < s)) C Z^^, (where k may be 0), such that v^(A) generate G, A is 
linear independent and (oi,Oj) = {bi,bj) = 0, {ai,bj) = Sij. 
Prom this fact and induction the Theorem follows. ■ 
We shall also need the following results of linear algebra over finite fields. 

Lemma 2 Let H = Z™ and (.,.) : H x H ^ Zp be a bilinear antisym- 
metric form. Let A — (oj, {i = 1, ■■■,r)) (Z H be a maximal set of linear 
independent elements such that {ai, aj) — 0. Then there is a basis of H, 
((oi, (i = 1, r), bj, {j = 1, s)), < s <r, such that (oj, aj) = (fej, bj) = 
0, {ai,bj) = Sij. 

Proof. Let us consider all systems A' = (oj, (i = 1, r), 6j, (j = 
l,...,k)), < s < r, such that (oj,Oj) = {bi,bj) — 0, {ai,bj) = S^j. Be- 
tween them we choose a system A with maximal k. Then A is a basis with 
the conditions that we need. ■ 

Theorem 3 Let G, G' be subgroups of Z^^ and %jj : G ^ G' he an isomor- 
phism such that {ilj{a),ilj{b))p = {a,b)p for all a,b G G. Then there is an 
automorphism ip G SLp{2g, Zp) such that ip restricted to G is ip. 

Proof. It is a consequence of Theorem 1 and Lemma 2. ■ 

3 Strong classification of fixed point free ori- 
entation preserving actions of Z^^ on sur- 
faces 

Let S he a. closed (compact without boundary) oriented surface with genus 
g, and G be a group isomorphic to Z^, where p is a prime integer. An action 
of C on is a pair {S, /), where / is a monomorphism of G in the group of 
orientation preserving autohomeomorphisms of S. 
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Definition 4 (Strong equivalence). Two actions {S, /) and {S', f) are called 
strongly equivalent if there is a homeomorphism, ip : S ^ S', sending the 
orientation of S to the orientation of S' and such that f'{h) — ipo f[h)oil; , 
for all h eG. 

We are interested in to find all the strong equivalence classes of actions 
of Z^. 

We denote by = S/ f{G) and by </? = : S ^ S the natural 

projection. We shall consider first the case when f{h) has no fixed points 
for any /i G G, i. e., the action of {S,f) is fixed point free. The general 
case will be considered in Section 5. Then the projection (p{f ): S ^ S is an 
unbranched covering with deck group of transformations f{G). 

Let us consider 7ri(S') as the group of deck transformations of the universal 
covering of S. Then we have: 

uj{SJ) : 7r,{S) ^ 7ri(5)/7ri(5) = f{G) C G. 

The resulting epimorphism uj{S, f) : 7ri(S') — > G = is the monodromy 
epimorphism of the covering </'(/) : S — > S. The epimorphism uj{S, f) : 
7ri(5') — > G, induces the epimorphism 9p{S,f) : Hi{S,7ip) — > G, since G is 
abelian. 

Conversely, given an epimorphism 9p : Hi{S, Zp) G, there is an action 
{S,f) such that 9p = 9p{S,f). To obtain S is enough to consider the mon- 

' — ' 

odromy u : 7ri{S) Hi{S, Zp) G and then 5* = U/keru, where U is the 
universal covering of S and the action of G is given by G = 7ri(S')/kera;. 

Definition 5 Let S and S' be two surfaces. Two epimorphisms 9 : Hi{S, Zp) ■ 
G and 9' : Hi{S', Zp) G are called strongly equivalent if there is a home- 
omorphism ip : S ^ S' such that induces an isomorphism ipp : Hi{S, Zp) —>■ 
Hi{S', Zp) such that 9^9' o^^ 

Theorem 6 (P. A. Smith [S]). Two actions {S,f) and (S", /') are strongly 
equivalent if and only if the epimorphisms 9p{S, f) and 9p{S', f) are strongly 
equivalent. 
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Definition 7 Let (SJ) be an action ofG,S^ S/f{G), and 9 = 9p{SJ) : 
Hi{S,Zp) G be the epimorphism defined by the action {S,f). Let us 
consider the spaces of homomorphisms G* = {e : G ^ Zp} and H^{S, Zp) = 
{e : Hi{S,Zp) Zp}. Then 9 generates a monomorphism 9* = 9*{S,f) : 
G* — >• H^{S, Zp). The intersection form (., .)p = (., .)p on Hi{S, Zp) induces 
an isomorphism i : H^{S, Zp) — > Hi{S, Zp) defined by (a, .) ^ a and a form 
{■,\sf) -G* xG* ^Zp such that (a, = {i o 9*{a),i o 9*{b))p. 

Theorem 8 Two actions {S, f) and {S', /') of the group G are strongly 
equivalent if and only if S and S' have the same genus and = 

Proof. Let S and S' denote S/ f{G) and S'/f'{G) respectively. Assume 
that {S, f) and (S", /') are strongly equivalent, then according to Theorem 
6 there exists a homeomorphism : S ^ S', which induces an isomorphism 
i/jp : Hi{S,Zp) — > Hi{S',Zp) such that 9 — 9' ot/jp. Since V'p is induced by a 
homeomorphism then ipp preserves the intersection form and induces an iso- 
morphism il^* : H\S',Zp) H\S,Zp) such that (a, 6)f = {t/j* (a) , t/j* (b))^ 
and 9*{S, f) = i* o 9*{S', f). Hence, Jor a, b e G* we have 
= itoJ*{SJ)ia),to9*iSJ)ib))'p = 
^{tor of{S', f')ia)a of o 9*iS', f'){b))'p = 
= {z'o9*{S',f'){a),z'o9%S',f'){b))'p' = {a,b)^~,,j,y 
Assume now (., = (., .)^^, We consider some isomorphisms 
Q : H\S, Zp) ^ (Z^^ (., .)) and Q' : H\S', Zp) ^ (Z^^ (., .)), 
such that {Q{a),Q{b))p = {a,b)^ and {Q'{a'),Q'{b'))p = {a',b')^, for any 
a, be H\S, Zp) and a', b^e H\S', Zp). 

We note G^Qo 9*{S, f){G*) C Z^s, and G' ^ Q' o 9*{S', f'){G*) C Z^s. 
Let : G ^ G' he the isomorphism given hy ijj = Q' o Q~^. Then, for 
every a,b G G, we have {ilj{a),ilj{b))p = {a,b)p. From Theorem 3 follows 
that there is ^ SLp{2g, Z) such that ip restricted to G is ip. Consider 
now * = g-^ o o g' : H\S',Zp) H\S,Zp). Since ^ G SLp{2g,Z) 
then ^ comes from an isomorphism : Hi{S,Z) Hi{S',Z) sending the 
intersection form of Hi{S, Z) to the intersection form of Hi{S', Z) (Theorem 
1). Then by a classical result of H. Burkardt in 1890 (see [MKS], pg. 178), 
there is some homeomorphism ip : S ^ S' inducing -0^ and ^, and by 
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construction e*{S, /) = * o 0*{S', f). Then by Theorem 6 the actions {S, f) 
and (5", /') are strongly equivalent. ■ 

Theorem 9 Let G = Z™ and (...) : G* x G* ^ Zp be a bilinear antisymmet- 
ric form where k = dim{/i G G* : {h,G*) = 0}. Then an action {S,f) such 

that (., .) = (., •)(§/) ^"'^ 9 — di^/ f{G)) exists if and only if g > |(m + k), 
k — mmod2, k <m. 

Proof. First we construct the action from the form and the numerical 
conditions. Applying Lemma 2 we have a basis of G*, (a*, (i = 1, r), 6*, (j = 
< s < r, such that (a*, a*) = (6*, 6*) = 0, (a*, 6*) = and 
s — r — k. Let (cj, (i = 1, ...,r),bj, (j = 1, be the dual basis of the 

above one. Now consider a surface S of genus g and a basis of Hi{S, Zp), 
(ftj, (i = 1, .... g), (3.1, {i = l,...,g)). Then we construct the epimorphism 
9 : Hi{S, Zp) G*, defined by 9{ai) = a^, if i < r, 9{ai) = 0, if i > r and 
9{Pj) — hi, if i < s, 9{Pj) — 0, ii i > s. Then the epimorphism 9 defines a 
regular covering S ^ S with automorphism group G and the action of G on 
S satisfies (., ■)(§/) — {■■> ■)■ 

Conversely if there is an action {S,f) such that (., .) = (■>■)(§/) 
obvious that g — g{S/f{G)) > |(m + A;), k — mmod2, k < m. m 

4 Weak classification of fixed point free ori- 
entation preserving actions of on sur- 
faces 

Definition 10 (Weak equivalence) Let {S,f) and {S',f') be two actions of 
a group G = Z^. We shall say that {S, f) and {S', f) are weakly equivalent 
if there is a homeomorphism : S ^ S' and an automorphism a e Aut{G) 
such that f o a{h) — o f[h) oip , h & G. 

The next Theorem solves the problem of weak classification of actions of 
Z^ on surfaces: 

Theorem 11 Let {S,f) and {S',f') be two actions of a group G = Z"^. 
Let {■,■)(§ f) (J'l^d {■,■)(§, fi) be the antisymmetric forms induced by the two 
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actions, k{SJ) = dim{/i e G* : {h,G*)0j^ = 0} and k{S',f) = dim{/i e 
G* : {h,G*)^g, — 0}. T/ien t/ie actions {S,f) and {S',f') are weakly 
equivalent if and only ifg{S/f{G)) = g{S'/f'{G)) and k{S, f) = k{S', f). 

Proof. Let us^call S = S/J{G) and S' = S'/f'{G), g = giS) and 
g' = g{S'). Let 9*{S,f) and 9*{S',f') be the epimorphisms defined by the 
two actions, G be the image of G* in Hi{S, Zp) by 9*{S,f) and G' be the 
image of G* in i^i {S', Zp) by ^* (5', f). ^ 

j\ssume that ^(5) = g(S') and A;(5, /) =^k{S'J'). Since A;(,S, /) = 
/') then there exists an isomorphism ijj : G' ^ G such that 
(^(a),V(&))(5,j,) = 

Then, using Theorem 3, and that g{S) = g{S'), there is an isomorphism 
ip : H^{S', Zp) — i> H^{S, Zp) giving by restriction ip and sending the intersec- 
tion form of H^{S', Zp) to the intersection form of H^{S, Zp). By [MKS, pag 
178], there exists a homeomorphism (f : S ^ S' inducing ip on cohomology. 
Then by Theorem 6, the actions {S, f) and {S, ip~^ o f o cp) are strongly 
equivalent. The isomorphism ip, defines an automorphism of G giving the 
weak equivalence between {S,f) and {S',f'). m 

Corollary 12 The weak equivalence classes of actions are in bijection 
with the set of pairs of positive integer numbers {k, g) such that k < m, 
k — mmod2 and g > |(m + k). 

5 Classification of orientation preserving ac- 
tions of with elements having fixed points. 

Let G be a group isomorphic to and {S, f) be an action of G on an 

oriented closed surface S . We shall call Gfi^ to the subgroup of G generated 
by the elements of f{G) having fixed points. 

The projection (/? = ^p{f) : S ^ S = S/ f{G) is a covering branched on a 
finite set of points B = {hi, 6,.}. The covering (p is now determined by an 
epimorphism 9p{S, f) : Hi{S — B, Zp) — > G. 

We shall call X^, i — 1, r, the element oi Hi{S — B,Zp) represented by 
the boundary of a small disc in 5* around the branched point hi, and with the 
orientation given by the orientation of S. Then the set {9p{S, f){Xi)} is a 
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topological invariant for the action (S,f) and \ 6p(S, f){Xi),i — 1, ...,ry = 
Gfix- Then we have an epimorphism i? : Hi{S,Zp) — > Gfree, defined by 

H^{S, Zp) ^ H,{S - B, Z^)/ {X,,z = 1, ...,r) ^ G/G/,, = Gy.ee- 

In fact the epimorphism i? is the epimorphism defined by the fixed point 

free action defined by the unbranchcd covering S/f{Gfix) S. If Gfree — 
G/Gfix then defines, as in Section 2, a bilinear form (■,-)(5/) ■ ^*free ^ 

^*free ~^ ^p. 

Theorem 13 Two actions {S, /) and {S\ /') of the group G = are 
strongly equivalent if and only if: 

1. S and S' have the same genus, the number of branched points r = ^B, 
of the covering S S = S / f{G), is the same than the number of branched 
points r' = i^B' , of the covering S' S' = S' / f'{G). 

2. [^,(|,/)(Xi),^p(f,/)(X2),...,^,(^,/)(X,)] = 

= [dp{SJ){Xi),ep{SJ){X2),...,ep{S,f){Xr)], where [.,...,.] means un- 
ordered r-tuple. As a consequence G^^.^^ = ^/ree ~ ^free- 

3. The intersection form on Gfree, induced by f and f is the same, 

(■'■)(§,/) = 

Proof. Using Dehn twists along curves around the branched points (see 
[C], pg. 151, move (6)) it is possible to obtain a basis (Aj, [i — 1, gr), B^, (i = 
1, ...,g\Xi, {i = 1, ...,r)), oiJIi{S - B, Zp) such that 

9p{S, f){Ai) e Gfree,Op{S,f){Bi) E Gfree, i = ^,---,9, 

and {A, A,) = 0, {Bi, B,) = 0, {A, Bj) = 6,,. 

In the same way, we can construct a basis {A'^,{i = 1, g), B'^^, {i = 
l,...,g\Xl, {i = l,...,r)), oi Hi{S' -B',Zp) such that 

9p{S'J'){A'^ e Gfree,9p{S'J'){Bi) e Gfree, i = 1,-,^, 

and {A[, a;) = 0, {Bi, B'^) = 0, (A^, B'^) = 
remark that by condition 1, g = g' and r = r'. 

By condition 3 and Theorem 8, then the fixed point free action of Gfree on 
S/ fiGfix) given by / and the fixed point free action of Gfree on S' / f {G fix) 
given by /' are strongly equivalent. Then there exists a homeomorphism, 
preserving the orientations, ip : S ^ S' inducing on homology an isomor- 
phism %l) : Hi{S,Zp) Hi{S',Zp) and by the proof of the Theorem 8 we 
can construct ip such that ip{Ai) = A'^, and ip{Bi) = B[. We now consider a 
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disc D on S containing B and a disc D' on S' containing B'. Then we can 
modify by composing with an isotopy in S' in order that <f{D) — D', and 
(p{bi) = ba{i) where a is a permuntation of {1, ...,r} such that 

{e,{s, fj{x,),e,{s, f){X2), 0p{s, = 

Now defines an isomorphim ip : Hi{S — B,Zp) — > Hi{S' — B',Zp) such 
that i>{Ai) = = BlJiXi) = XI, then OpiSJ) = ep{S',f') o ^. 

Hence the actions {S, f) and (5", /') are strongly equivalent. ■ 

As a consequence of Theorem 13 and Theorem 9 we have: 

Theorem 14 Let G = Z™, and H = be a subgroup of G. Assume that 
[Ci, Cr], r > n, be an unordered element of {H — {0})'', where {Ci, Cr} 
generates H and Yl\^i — 0- -^^^ {-i ■) ^ bilinear antisymmetric form on 
G/H with k = dim{h G {G/H)* : {h, (G/H)*) = 0}. Then for g > ^{m - 

n + k) and only for all such g there is an action {S, f) with g = g{S/ f{G)), 
(., .) = where (., is the bilinear form induced by the fixed point 

free action on G/H, the elements acting with fixed points generate H and 
[9piS,f)iX,),9p{S,f){X2),...,9p{S,f)iXr)] = [C„C2,...,Cr]. 

Remcirk. The unordered elements of H^, are in one to one correspon- 
dence with the functions F : H ^ (Z+)p~^ From [Ci, C2, C^] we define 
F{h) = (fci, k2, fcp-i) if the element /i* appears ki times in [Ci, C2, Gr]. 
The function F gives the topological type of the action of H. 

Theorem 15 Two actions {S, f) and {S', f) of the group G = are 

weakly equivalent if and only if: 

1. S and S' have the same genus, the number of branched points r = jj^B 
of the covering S ^ S — S / f{G), is the same than the number of branched 
points r' ^JfB' of the covering S' ^ S' ^ S'/f\G). 

2. {9piS,f)iX,),9piS,f){X2\...,9piS,f)iXr))= ^ 

= (70 9p{S, 7 o 9p{S, /)(X^(2)), 7 o dpiS, f){X^^r))), 'where a 

is a permutation of{l,...,r} and j is an automorphism ofG. 

3. dim{h e G},,, : ih,G},J^s,f) = 0} = dim{/i G G},,, : ih,G},j0,j,^ = 

0}. 

Proof. It is similar to the proof of Theorem 13 but using Theorem 8. ■ 
As a consequence of Corollary 12 we have: 
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Theorem 16 Let G = Z™. The weak equivalence classes of actions ofG are 
in bijection with the set of triples 
{k,g,AutiG)[Cu-,Cr]), 

such that k<m — n, k = {m — n)mod2, g > ^{m — n + k), r > n and 
[Ci,...,Cr\ is an unordered r-tuple of non-trivial elements of H'^ such that 
{Ci, Cr} generates a group isomorphic to and Ci — 0. 

Let M^'™ be the space of pairs {R,G), where i? is a Riemann surface 
and G is a group of automorphims of R. The covering R — > R/G defines 
a projection p : M^'"^ — > M, where M is the moduh space of Riemann 
surfaces. The projection p : M^'"* — > M, gives a topology on M^'"*, the 
weakest topology where p is continuous. 

From Theorem 16 and [Na2], Section 6, we have: 

Consequence There exists a one to one correspondence between the con- 
nected components of M^'"* with such topology and triples 

{k,g,Aut{G)[G,,...,Gr]) 

described in Theorem 16. Each connected component of M^'"^ is homeo- 
morphic to the quotient R^ /Mod of a vector space i?" by the discontinuous 
action of a group Mod. 
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